Abstract. Our aim in this article is to produce new examples of semistable LazarsfeldMukai bundles on smooth projective surfaces X using the notion of parabolic vector bundles. In particular, we associate natural parabolic structures to any rank two (dual) Lazarsfeld-Mukai bundle and study the parabolic stability of these parabolic bundles. We also show that the orbifold bundles on Kawamata coverings of X corresponding to the above parabolic bundles are themselves certain (dual) Lazarsfeld-Mukai bundles. This gives semistable Lazarsfeld-Mukai bundles on Kawamata covers of the projective plane and of certain K3 surfaces.
Introduction
In recent years, the study of certain vector bundles called Lazarsfeld-Mukai bundles (LM bundles) has gained prominence. Investigating the properties of these naturally occurring bundles is of increasing interest. This can be attributed to the deep applications of these bundles in Brill-Noether theory of curves, especially those lying on K3 surfaces.
LM bundles were first used by Lazarsfeld [11] to prove Petri's conjecture and by Mukai [16] in the classification of certain Fano manifolds. They have also been useful in studying the constancy of gonality, Clifford index and Clifford dimension of smooth projective curves belonging to ample or globally generated linear systems on K3 surfaces [5, 6, 9 ]. Voisin's proof of the generic Green's conjecture employed these bundles [21, 22] , and Aprodu and Farkas [1] use LM bundles and their parameter spaces while proving Green's conjecture for curves on a K3 surface. The (semi)stability properties of LM bundles over K3 surfaces were studied by Lelli-Chiesa [13] , and of certain LM bundles over Jacobian surfaces and higher dimensional varieties by us [18, 19] .
In this article, our aim is to produce new examples of semistable Lazarsfeld-Mukai bundles via the general theory of parabolic vector bundles. In particular, we associate certain parabolic vector bundles to a rank two LM bundle and study the related notions of parabolic stability. We refer to § 2 for some preliminaries on parabolic vector bundles.
Suppose X is a smooth projective surface over C and C i ֒− → X is a smooth curve. Consider a globally generated line bundle A on C, with dim H 0 (C, A) = 2. Then the rank two LM bundle associated to the pair (C, A) is the dual of the vector bundle F , where F is defined by the following short exact sequence:
Note that F comes in-built with a parabolic structure given by the following filtration with associated weights 0 ≤ a 1 < a 2 < 1:
We thus obtain a parabolic vector bundle F * = (F, F C , a 1 , a 2 ) which we call the (dual) parabolic LM bundle.
Our second parabolic bundle arises as follows. Consider a point q of multiplicity one on C. Consider the blow up of X at q, say X. Let π : X → X denote the blow down map and E ⊂ X, the exceptional divisor. The pulled back rank two vector bundle F := π * F on X admits a parabolic structure along the exceptional divisor E by associating weights 0 ≤ b 1 < b 2 < 1:
Here, M = kernel( F | E → H 0 (C, A) ⊗ O E ). We call F * := ( F , F E , b 1 , b 2 ) the (dual) blown up parabolic LM bundle. Refer § 3 for details.
In § 4, we study the parabolic stability of the two parabolic vector bundles mentioned above. Let L be an ample line bundle on X. Then we have the following theorem. Theorem 1.1. Suppose that the vector bundle F is µ L -stable. Then the (dual) parabolic LM bundle F * on X is parabolic µ L -stable if the weights a 1 , a 2 are such that:
(a) a 2 − a 1 <
(C·L)
, if the intersection number (C · L) is even, or (b) a 2 − a 1 <
, if (C · L) is odd.
Next, consider the line bundle L n := nπ * L ⊗ O X (−E) on X which is ample for n sufficiently large. In this case, we have the following theorem. Theorem 1.2. Suppose that F is µ L -stable. Then, there is an integer n 0 such that for all n ≥ n 0 , F * is parabolic µ Ln -stable for all weights b 1 and b 2 .
In [3] , Biswas established a two way relationship between parabolic vector bundles and orbifold vector bundles. Motivated by this, in § 5, we obtain the orbifold bundle on Kawamata covers of X associated to the (dual) parabolic LM bundle F * for weights of the form a 1 = 0 and a 2 = N −m N , where 1 ≤ m < N are positive integers. Let p : Y → X be the Kawamata covering of X such that p * C is a non-reduced divisor NC ′ with C ′ := (p * C) red a smooth curve on Y . Then we have the following theorem. Theorem 1.3. The orbifold vector bundle on Y corresponding to the (dual) parabolic LM bundle (F, F C , 0,
given by the short exact sequence
Here A ′ is the pullback of the line bundle A from C to the curve mC
It is interesting to observe that the orbifold bundles are themselves certain dual LM bundles on the Kawamata covers. This further highlights that LM bundles are vector bundles with desirable properties.
As a consequence of the above correspondence, we obtain new examples of semistable LM bundles on the Kawamata covers of P 2 and K3 surfaces in § 6. Theorem 1.4. Suppose X is a smooth projective surface and C is a smooth curve on X. Let A be an ample line bundle on C and V ⊂ H 0 (C, A) be a general two dimensional subspace with the linear series PV base-point free. For any positive integer N, consider the Kawamata covering p : Y → X of X such that p * C is a non-reduced divisor NC ′ with C ′ := (p * C) red a smooth curve on Y . Let 1 ≤ m < N be an integer and A ′ denote the pullback of A from C to (the possibly non-reduced curve) mC ′ .
(a) Consider X = P 2 and C ∈ |O(d)|, where d is odd. Set A to be of the form O(rd)| C for r ≥ 1. Choose m such that
. Then the LM bundle on Y associated to the triple (mC
Let X be a smooth projective K3 surface and L be an ample line bundle on X such that a general curve C ∈ |L| has genus g, Clifford dimension 1 and maximal gonality. Let A be a complete base-point free g
Then the LM bundle on Y associated to the triple (mC
We have the following as particular cases of (a) and (b) respectively. Let l = deg A ′ .
(a') Let d = 1, i.e. C ∈ |O(1)| is a line and set m = 1. Then there is an irreducible component of the Brill-Noether variety
(b') Suppose X be a smooth projective K3 surface and L is as above which in addition satisfies (L 2 ) = 2. Let m = 1. Then there is an irreducible component of the Brill-Noether variety
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Preliminaries
2.1. Parabolic sheaves. Parabolic bundles were first introduced over curves by Seshadri [20] and Mehta [15] . This was generalized to higher dimensions by Bhosle [2] and by Maruyama-Yokogawa [14] . Consider a connected smooth projective variety X and an effective divisor D on X.
Definition 2.1. Let E be a coherent torsion-free O X -module. A quasi-parabolic structure on E along D is defined by giving a filtration of E| D of the form:
A parabolic structure on E is a quasi-parabolic structure as above together with a system of parabolic weights a 1 , a 2 , · · · , a l such that 0 ≤ a 1 < a 2 < · · · < a l < 1.
We denote E with the parabolic structure by (E, F D , a * ) or by E * . If E is locally free, then E * is called a parabolic bundle.
In the following definitions, let E be a torsion-free coherent sheaf with parabolic structure (E, F D , a i (E)) where i = 1, 2, . . . , l and 
together with weights {a i (G)}. A morphism of parabolic sheaves G → E is a morphism of sheaves g : G → E such that whenever
Consider now a subsheaf F ֒→ E such that the quotient Q = E/F is torsion-free. In this case,
. Then we have the following induced parabolic structure on the subsheaf F . 
. This parabolic structure on F is called the induced parabolic structure.
With this definition, the inclusion F ֒→ E is in fact a morphism of parabolic sheaves (as in Definition 2.2). Hence F is parabolic subsheaf of E. The induced structure on F is the "maximum parabolic structure" making the inclusion morphism a morphism of parabolic sheaves. We next define the concepts of parabolic slope and parabolic stability. Let L be an ample line bundle on X with dim X = n. Definition 2.4. The parabolic weight of E denoted by µ-wt(E) is defined as:
The motivation for the definition is the following. Let i : D ֒→ X denote the inclusion.
Thus the above definition is the same as:
Definition 2.5. The parabolic slope of E with respect to L is:
Definition 2.6. Let E be a parabolic sheaf as above. Then E is said to be parabolic µ L -semistable (resp. parabolic µ L -stable) if for every subsheaf F of E with torsion-free quotient such that 0 < rank F < rank E equipped with the induced parabolic structure, one has the inequality of slopes, parµ
2.2.
Orbifold sheaves. Let Y be a connected smooth projective variety of dimension n. Let Aut(Y ) denote the group of algebraic automorphisms of Y . Let G be a finite group and ρ : G → Aut(Y ) be an injective group homomorphism.
Definition 2.7. An orbifold sheaf on Y is a coherent torsion-free sheaf E on Y together with a lift of the action of G to E. That is, G acts on the total space of stalks of E and the automorphism of the space of stalks for the action of any g ∈ G is a coherent sheaf isomorphism between E and ρ(g −1 ) * E. If E is locally free, then E is called an orbifold bundle.
A subsheaf F of an orbifold sheaf E with torsion-free quotient E/F is said to be Gsaturated if F is left invariant by the action of G. Hence F has an induced orbifold sheaf structure. Let L ∈ Pic(Y ) be an ample line bundle which is also an orbifold bundle. Recall that the usual Mumford-Takemoto slope of E with respect to L is µ L (E) =
Definition 2.8. An orbifold sheaf E is said to be orbifold semistable (resp. orbifold
Note that if E is an orbifold sheaf which is µ L -(semi)stable, then clearly E is orbifold (semi)stable. There is a converse statement in case of semistability which is as follows. Let p : Y → Y /G =: X be the projection. Assume that the quotient X is a smooth variety. Let E be an orbifold sheaf on Y . The direct image sheaf p * E on X naturally has a G-action compatible with the trivial action of G on the quotient X. Let (p * E)
G denote the subsheaf of G-invariants in p * E. Definition 2.10. Let Av denote the averaging Reynolds operator Av : p * E → p * E given by Av = 1 |G| h∈G t h . Here t h is the endomorphism of p * E induced by the action of h ∈ G. The image of Av is the invariant subsheaf (p * E)
G . Thus we have a short exact sequence:
When E is an orbifold bundle, the direct image sheaf p * E is also locally free. In this case, since the above exact sequence splits, the subsheaf of invariants (p * E)
G is locally free as well.
Parabolic structures associated to LM bundles
Consider a smooth projective surface X over the field C. For any smooth curve
is base-point free with h 0 (A) = 2). We then have the following short exact sequence corresponding to the linear series (A, H 0 (C, A)) on C:
The dual LM bundle F C,A =: F associated to (C, A) on X is given by the short exact sequence:
Since F is a rank two vector bundle with determinant O X (−C), we have
Note that F ∨ is the LM bundle associated to (C, A) and sits in the following sequence:
We now associate parabolic vector bundles to the dual LM bundle F in two ways.
3.1. Parabolic LM bundle. We first associate a parabolic structure to the vector bundle F along the divisor C on X. Restrict (2) to the curve C to get the following exact sequence on C:
From the above sequence and (1), we also get
This gives a quasi-parabolic structure on F along the curve C, the flag being given by:
Here we have associated weights 0 ≤ a 1 < a 2 < 1 to get a parabolic vector bundle (F, F C , a 1 , a 2 ). Let us denote F along with the above parabolic structure by F * . We call this parabolic vector bundle the (dual) parabolic LM bundle.
Remark 3.1. Dualizing the exact sequence (4), we get the following exact sequence on C, where E C,A = F ∨ is the LM bundle:
This gives a parabolic structure on the LM bundle E C,A , by associating weights 0 ≤ a 1 < a 2 < 1 given by
We call the above parabolic vector bundle the parabolic LM bundle. However, in this paper, we work with the dual parabolic LM bundle F * .
3.2.
Parabolic Blown up LM bundle. Next, we obtain a parabolic structure on the pullback of F to a blown up surface, along the exceptional divisor. Let X, C, A and F be as in the § 3.1. Consider a point q of multiplicity one on C.
Consider the blow up of X at q, say X. Let π : X → X denote the blow down map, and E ⊂ X, the exceptional divisor. Pull back the exact sequence (2) by π to the blown-up surface X:
Restricting the above sequence to the exceptional divisor E, we get:
Here M is the kernel of the restriction. On X, we have the following commutative diagram, where C is the strict transform of C in X.
Pulling back the short exact sequence (1) on C to π * C = C + E and restricting to E, we get:
From the above short exact sequence and from (5), we get:
The kernel M is in fact a line bundle of the form M = W ⊗ O E where W is a one dimensional vector space. We thus have the following parabolic structure on F along E by associating weights 0 ≤ b 1 < b 2 < 1:
We denote the corresponding parabolic vector bundle by F * and call it the (dual) blown up parabolic LM bundle.
Stability of the parabolic bundles
In this section, we discuss the parabolic stability of the parabolic vector bundles F * on X and F * on X.
4.1. Parabolic stability of F * . Consider a rank one coherent subsheaf G of F with torsion-free quotient F/G. Then, G is a line bundle, cf. [7, Prop. 1.1 & 1.9]. We give the induced parabolic structure on G, induced from the parabolic vector bundle F * defined by the parabolic structure
By the procedure explained in Definition 2.3, the induced structure is given as follows.
Lemma 4.1. The induced parabolic structure on G along C is given by
Proof. Let e ′ : G ֒→ F denote the inclusion. Since F/G is torsion-free, the restriction e ′ | C : G| C ֒→ F | C is also an injection. Denote e := e ′ | C . The induced quasi-parabolic structure on G is given as under.
is a subsheaf of the line bundle G| C , G ′ is either of rank 0 or rank 1.
• If G ′ is of rank 0, then since G ′ ֒→ A ⊗ O X (−C)| C , it is torsion-free and hence G ′ = 0. In this case, the parabolic structure on G is given by G| C ⊃ 0 with weight a 1 .
• If G ′ is of rank 1, then the quotient
G ′ is of rank 0, and is a subsheaf of the quotient
Hence the quotient is 0 and G ′ ≃ G| C . In this case, the parabolic structure on G is given by G| C ⊃ 0 with weight a 2 .
Hence the induced parabolic structure on G is given by G| C ⊃ a i 0 for i = 1, 2.
We now prove Theorem 1.1 regarding the stability of F * with respect to an ample line bundle L on X.
Proof of Theorem 1.1. From Definition 2.6, we recall that in order to check parabolic stability of F * , it is enough to check the inequality of parabolic slopes for rank one subsheaves G of F with torsion-free quotient equipped with the induced structure. By Lemma 4.1, the induced parabolic structure G * is given by G| C ⊃ a i 0 for i = 1, 2.
We know that,
The parabolic weights of F * and G * are given by (cf. Definition 2.4):
Next we compute the parabolic slopes of F * and G * .
(a) C.L is even -In this case, our condition on the a i -s, i.e. a 2 − a 1 <
. Thus,
(b) C.L is odd -In this case, the condition on a i -s is a 2 − a 1 <
(C·L)
. This gives
By parts (a) and (b), F * is parabolic µ L -stable.
Corollary 4.2. Let X be a smooth, projective K3 surface and L ∈ Pic(X) an ample line bundle such that a general curve C ∈ |L| has genus g, Clifford dimension 1 and maximal gonality k. Let the Brill-Noether number ρ(g, 1, d) > 0. For a general C ∈ |L| , consider the rank 2 dual LM bundle F := F C,A associated with a general complete, base-point free g
Proof. Lelli-Chiesa [13, Theorem 4.3] proves that such an F = F C,A is µ L -stable. The proof follows from Theorem 1.1 by observing that on a K3 surface C · L = (C 2 ) = 2g − 2, which is even. 
Proof. From [19, Theorem 1.2, Remark 4.10], we observe that the dual LM bundle F is
µ O(1) -stable. Since L = O(1), for C ∈ |O(d)|, we get C · L = d (
which is odd in our case).
The result thus follows.
4.2.
Parabolic stability of F * . The line bundle π * L is not ample on X because it is trivial when restricted to the exceptional divisor. Consider the line bundle L n on X which is ample (by [4, Lemma 3]) for n sufficiently large,
We study the parabolic stability of F * with respect to the ample line bundle L n . We first note the following about the µ Ln -stability of F in the following Remark.
Remark 4.4. If F is a µ L -stable vector bundle on X, then there exists an n 0 ∈ Z such that for all n ≥ n 0 , the vector bundle F = π * F is a µ Ln -stable vector bundle on X. Refer [17, Prop. 2.2 (1)] for a proof.
Consider a rank 1 coherent subsheaf G of F with torsion-free quotient. By similar arguments as before, G is a line bundle. We give the induced parabolic structure on G induced from F * which is defined by
Lemma 4.5. The induced parabolic structure on G along E is given either by
Proof. The proof is exactly on the same lines as the proof of Lemma 4.1.
We now prove Theorem 1.2 about the µ Ln -stability of F * for n ≥ n 0 , where n 0 is as in Remark 4.4).
Proof of Theorem 1.2. Since the dual LM bundle F is µ L -stable, by Remark 4.4, there is an integer n 0 such that for all n ≥ n 0 , F is µ Ln -stable. Note that,
If G is any rank 1 subsheaf of F with torsion-free quotient, then µ Ln ( G) < µ Ln ( F ) . Since µ Ln ( G) = c 1 ( G) · L n ∈ Z, we get:
if (C · L) and n are odd , µ Ln ( F ) − 1 otherwise.
As discussed in the previous theorem, in order to check for parabolic stability it is enough to check the slope inequality for rank 1 subsheaves G ⊂ F with torsion-free quotient equipped with the induced parabolic structure. The induced parabolic structure on such a G is G| E ⊃ b i 0 for i = 1, 2 . So the parabolic weights of F and G are:
Since (E 2 ) = −1, we get µ-wt( F ) = b 1 +b 2 . Similarly, we get that µ-wt( G) = b i E ·L n = b i . We now compute the parabolic slopes, . We now have
. We have
Thus from parts (a) and (b), we have that the (dual) parabolic blown up LM bundle F * is parabolic µ Ln -stable for all weights b 1 and b 2 and for n ≥ n 0 , where n 0 is as in Remark 4.4.
Corollary 4.6. Let X be a smooth, projective K3 surface and L ∈ Pic(X) an ample line bundle such that a general curve C ∈ |L| has genus g, Clifford dimension 1 and maximal gonality k. Let the Brill Noether number ρ(g, 1, d) > 0. For a general C ∈ |L| , consider the rank 2 dual LM bundle F := F C,A associated with a general complete, base-point free g 1 d say A on C. Then, there is an integer n 0 such that the dual parabolic blown up LM bundle ( F , F E , b 1 , b 2 ) is parabolic µ Ln -stable, for all choices of weights and for all n ≥ n 0 .
Proof. This result again follows from Lelli-Chiesa [13, Theorem 4.3] , whereby such an C, A, V ) , and the associated parabolic structure on F , say ( F , F E , b 1 , b 2 ) . Then there is an integer n 0 such that ( F , F E , b 1 , b 2 ) is parabolic µ Ln -stable, where L = O(1) and for all n ≥ n 0 .
Proof. The result follows from [19, Theorem 1.2] which proves that the dual LM bundle F C,A,V is µ O(1) -stable.
Orbifold LM bundle
Recall that the quasi-parabolic structure on the parabolic vector bundle F * is given by
By [14, Definition 1.1], the quasi-parabolic structure can be alternatively described by a filtration of the vector bundle F itself of the form
The elements of the two filtrations are related as follows (cf. [3, § 3]):
We obtain the equivalent formulation of the quasi-parabolic structure on F * from the following lemma.
Lemma 5.1. The quasi-parabolic structure on the (dual) parabolic LM bundle F * is equivalent to the quasi-parabolic structure given by the following filtration of F :
Proof. By the discussion above, we just need to determine F 2 (F ). We also have,
. Hence F 2 (F ) has to sit in the following short exact sequence:
Tensoring the exact sequence (2) which defines F by O X (−C), we get
So, the parabolic vector bundle (F, F C , a 1 , a 2 ) from § 3.1 can alternatively be described as (F, F, a 1 , a 2 ) where the flag F is described in Lemma 5.1.
Remark 5.2. Set a 0 = a 2 − 1 and a 3 = 1, where F * = (F, F, a 1 , a 2 ) is the (dual) parabolic LM bundle. Let [t] denote the integral part of any t ∈ R. For each t ∈ R, consider the following locally free sheaves E t = F i (F )(−[t]C), where a i−1 < t − [t] ≤ a i . Note that the locally free sheaves {E t } give a filtration which is decreasing, i.e. if t ≥ t ′ , then E t ⊆ E t ′ . This filtration is left continuous. Further, this filtration has a jump at some t, i.e. for all ǫ > 0, E t+ǫ = E t if and only if t − [t] = a i where i = 1, 2. Finally, for all t ∈ R, we have E t+1 = E t (−C). This filtration {E t } t∈R completely determines the parabolic vector bundle (F, F, a 1 , a 2 ), cf. [14] and [3] . In particular, the parabolic vector bundle F * is completely determined by the filtration of vector bundles
We recall the Kawamata covering Theorem [12, Prop. 4.1.12]. Given a positive integer N > 0, there is a non-singular connected projective variety Y and a finite Galois morphism p : Y → X with Galois group Γ = Gal(Rat(Y )/Rat(X)) such that p * C is a non-reduced divisor of the form NC ′ with (p * C) red = C ′ . Here C ′ is a smooth curve on Y . We then have the following commutative diagram, for any m such that 1 ≤ m < N.
Pulling back the exact sequence (1) to mC ′ by φ, we get: ) ) is a base-point free linear system on the curve mC ′ (which is non-reduced when m > 1). We can thus consider the dual LM bundle F ′ on Y associated to the triple (mC ′ , A ′ , H 0 (C, A)) given by the following short exact sequence:
′ is a morphism between orbifold sheaves on Y compatible with the action of Γ on both the sheaves. We call this orbifold bundle F ′ on Y "the orbifold LM bundle".
By the construction of Biswas [3, § 2c], this orbifold LM bundle corresponds to a uniquely determined parabolic bundle on X. We now determine this parabolic vector bundle. For any t ∈ R, define, as in [3] ,
Just as in Remark 5.2, this defines a parabolic sheaf on X, cf. 
Pushforward this sequence to X by applying p * j * f
Note that the above is a sequence of pushforwards to X by p of Γ-sheaves from Y . Therefore, we can take Γ-invariants of each of these sheaves. The sequence of Γ-invariant sheaves continues to be exact, cf. [10, §1.4.3]:
We now prove Theorem 1.3 stated in the introduction.
Proof of Theorem 1.3. We need to prove that the orbifold bundle on Y corresponding to the dual parabolic LM bundle (F, F C , 0,
) on X is the dual LM bundle F ′ . We do that by showing that the parabolic bundle on X corresponding to F ′ is the required one.
We recall the commutative diagram where 1 ≤ m < N:
For all a = 1, 2, . . . , N, we have the following exact sequence which we will use repeatedly in the proof:
Note that, just as in the short exact sequence (4), F ′ | mC ′ fits in the following short exact sequence of sheaves on mC ′ :
We restrict this to C ′ :
By equation (7), we have
We now compute E t as we vary t ∈ [0, 1], and this filtration of sheaves will completely determine the parabolic bundle on X corresponding to F ′ .
t = 0
Pushforward the exact sequence (6) to X and consider the sequence of Γ-invariant sheaves (Taking Γ-invariants is an exact functor). Since
Thus we get,
We consider the pushforward of the sequence (8) to X by p, noting that p
C ′ fits in the following short exact sequence that we get from (9):
e. the case a = 1 above. Set a = 1 in (8) and pushforward the sequence of Γ-sheaves on Y to X:
Next, setting a = 1 in the short exact sequence (10), we get:
Considering the invariants of the short exact sequence (11), we get 0
From the short exact sequence (3), it follows that (p
In this case, we have
From (9), we get
As before, the right hand side term of the above sequence is zero. But note that
Finally, taking Γ-invariants of (13), we get:
From the exact sequence (2), we get (
Since this is the expected end of the flag for the parabolic structure, we deduce, based on the known properties of E t from Biswas [3] , that
Thus, we have the following sheaves E t for t ∈ [0, 1]:
As there is a jump at t = 0 and at t = N −m N , these give the parabolic weights. Indeed, the parabolic vector bundle on X corresponding to F ′ is:
or equivalently the (F, F C , 0,
). This is precisely the description of the required parabolic sheaf.
The above theorem shows that the LM bundles behave well under the parabolic-orbifold bundle correspondence.
Proof of Theorem 1.4
We keep notations as in previous sections. Let L be an ample line bundle on X. (b) Here X is a smooth projective K3 surface and L is an ample line bundle on X such that a general curve C ∈ |L| has genus g, Clifford dimension 1 and maximal gonality k. We have ρ(g, 1, d) > 0. For a general smooth C ∈ |L| , consider the rank 2 dual LM bundle F := F C,A associated with a general complete, base-point free g Remark 6.2. Consider σ : X → P 2 , a K3 surface which is a double cover of the projective plane branched along a smooth sextic curve, and L = σ * O P 2 (1). Then X and L satisfy the requirements of part (b') of the above theorem. That is, (L 2 ) = 2 and a general curve C ∈ |L| has genus 2, Clifford dimension 1 and constant gonality 2, cf. [5, Theorem A and Prop. 3.3] .
